1

Open parallel cooperative and competitive decision processes:
A potential provenance for quantum probability decision models

Ian G. Fuss
School of Electrical and Electronic Engineering
University of Adelaide

Daniel J. Navarro
School of Psychology
University of Adelaide

Correspondence address:
Ian Fuss
School of Electrical and Electronic Engineering
University of Adelaide
SA 5005, Australia
Email: ifuss@eleceng.adelaide.edu.au
Tel: +61 8 8303 6090

Running heading: Parallel decision processes
Keywords: decisions, latencies, path integrals, quantum walks, quantum computing

2

Abstract

In recent years quantum probability models have been used to explain many aspects to human
decision making, and as such quantum models have been considered a viable alternative to
Bayesian models based on classical probability. One criticism that is often levelled at both
kinds of models is that they lack a clear interpretation in terms of psychological mechanisms.
In this paper we discuss the mechanistic underpinnings of a quantum walk model of human
decision making and response time. The quantum walk model is compared to standard
sequential sampling models, and the architectural assumptions of both are considered. In
particular, we show that the quantum model has a natural interpretation in terms of a
cognitive architecture that is both massively parallel and involves both co-operative
(excitatory)

and competitive (inhibitory) interactions between units. Additionally, we

introduce a family of models that includes aspects of the classical and quantum walk models.
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1. Introduction
In recent years it has been argued that many aspects to human decision making can be
successfully modeled using the quantum probability framework (e.g., Busemeyer, Wang &
Townsend 2006; Pothos & Busemeyer 2009; Busemeyer, Pothos, Franco, Trueblood, 2011).
For instance, violations of rational decision making in prisoner’s dilemma games can be
characterized as example of an interference effect between competing states (Pothos &
Busemeyer 2008), conjunction fallacies as exemplified by the classic “Linda the bank teller”
problem have been captured via the geometric nature of the underlying representations
(Busemeyer, et al. 2011), and so on. These explanations are offered in contrast to those
explanations based on classical probability (e.g. Bayesian models), within which it can be
difficult to capture these effects.
In our view it is an open question as to whether quantum probability or classical probability
provides a better framework for modeling cognition, but one that we intend to sidestep. Our
goal in this paper is to focus on an issue that is faced by both frameworks: namely the lack of
a clear mechanistic interpretation of the models. In the context of Bayesian probability, for
instance, this issue has been the source of recent criticism in the psychological literature
(Jones & Love 2011). The precise nature of the critique tends to vary somewhat across
papers, but one of the key issues relates to the fact that many of the probabilities described by
Bayesian models can be difficult to compute. This generally leaves it an open question as to
how the mind might implement these calculations. One approach to solving the problem is to
assume that the mind approximates the Bayesian calculations via a sampling algorithm of
some description (e.g., Sanborn, Griffiths & Navarro 2010). This can lead to comparatively
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simple mechanistic models that are able to approximate the solutions to complex
computations.
In this paper, we consider the nature of the mechanistic psychological processes that might
underpin a quantum cognitive model. In particular, we consider a quantum model for simple
decisions (Busemeyer, et al. 2006, Fuss & Navarro 2008), and show that it can be interpreted
as a psychological process in which evidence accrual occurs in parallel across multiple
accumulators, and allows for both “cooperative” and “competitive” interactions between
accumulators. While the motivation for this work is cognitive it is at least partially
biologically motivated, insofar as the notions of cooperation and competition among
accumulators can be considered to be weakly analogous to excitatory and inhibitory
connections in the brain.
The basic approach taken in this paper is to start with the idea that evidence accumulation
occurs in parallel across multiple accumulators, and to assume that both competitive and
cooperative interactions between accumulators exist. From these assumptions we show that
our cooperative and competitive interaction parallel model of the psychological processes of
decision making has a quantum probability form. We then show that, although a “closed”
version of the model produces response time distributions that are reasonably consistent with
the form of empirical RT distributions, an “open” version is in closer agreement with the
experimental data.

2. Sequential sampling models
In this section we provide a brief introduction to the “sequential sampling” framework that
has provided the best account of standard two-alternative forced choice (2AFC) tasks.
Although sequential sampling models are widely known (see Ratcliff & Smith 2004 for a
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good introduction) and so the content of this section will be familiar to most readers, it will
help motivate the developments later in the paper.
The key characteristic of sequential models is that they focus heavily on how a decision
unfolds over time. In particular, it is assumed that the decision maker draws a series of
“information samples” over time, where these samples are assumed to come from the external
environment or possibly from memory. Each sample provides some evidence for one option
or the other, and the decision maker continues to draw samples until the total amount of
evidence collected meets some criterion. The specific implementation of this idea varies in
many respects, giving rise to a large number of models including simple random walk models
(Stone 1960), simple accumulators (La Berge 1968), strength accumulators (Vickers 1979),
diffusion models (Ratcliff 1978), Poisson counter models (Smith & van Zandt 2002), leaky
competitive accumulators (Usher, Elhalal & McClelland 2008) and linear ballistic
accumulators (Brown & Heathcote 2008) and a number of other possibilities besides.
Moreover, there is a considerable degree of complexity involved in evaluating the
performance of these models, given that there is a certain amount of model mimicry among
them (van Zandt 2000) and some disagreement about what characteristics of human decision
making should be modelled (e.g., confidence as well as a latency and accuracy; Vickers
1979).
For the purposes of the current paper, however, much of this complexity can be ignored. Our
goal is not to develop a complete model of two-alternative forced choice tasks. Rather, our
intention is to examine some of the underlying psychological assumptions common to
standard sequential sampling models, and compare those assumption to those made by
sequential sampling models based on quantum probability (e.g., Busemeyer et al. 2006; Fuss
& Navarro 2008). In particular, we discuss a family of models that subsumes both the
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classical random walk model and the quantum walk model, and provide a psychologically
plausible mechanistic account of how such models might arise.
3. Simple random walk models
At an abstract level, sequential sampling models assume that there exists some “evidence
state” that evolves over time. In a 2AFC task it is natural to let 𝑥! denote the evidence for the
first option, with 𝑥! referring to the evidence for the second option. In accumulator style
models, these two evidence tallies are represented separately, and the evidence is represented
by the vector 𝑥! , 𝑥! . In random walk style models, however, it is assumed that evidence for
option 1 is equivalent to evidence against option 2, and so the evidence state can be
simplified to the scalar quantity 𝑥 = 𝑥! − 𝑥! . For the current paper, we will adopt this
assumption.
Within a sequential sampling model, the time evolution of this evidence state is described by
a statistical sampling process: sample 𝑛 is drawn at time 𝑡! , and the state is altered according
to the evidence it provides. We let ∆𝑥 𝑡! denote the change that occurs at time 𝑡! and
assume that each such increment is independenly drawn from a sampling distribution with
density function 𝑝! 𝑥 . The state of evidence at the time 𝑡! is defined as the accumulation of
the samples up to this time that is given by the sum
𝑥 𝑡! =

!
!!! ∆𝑥

𝑡! .

(1)

Throughout this paper we will assume that samples are drawn at equal time increments,
though it would perhaps be more appropriate to draw the sample times 𝑡! from a Poisson
distribution thus allowing for random sample times (Smith & Van Zandt 2002). However,
this complication is unnecessary for our purposes, so we will retain the simpler assumption
that 𝑡! = 𝑛. By doing so we can simplify our notation and write the evidence state as 𝑥 𝑡 on
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the understanding that 𝑡 ∈ ℕ and that each time step corresponds to a single sample.
Moreover, in order to highlight the sequential nature of the process, it is generally convenient
to express Equation 1 as the difference equation
𝑥 𝑡 = ∆𝑥 𝑡 + 𝑥 𝑡 − 1

(2)

that commences with the assignment 𝑥 0 = ∆𝑥 0 . Perhaps the simplest example of a
sampling process is the Bernoulli random walk. In this model we define our sampling
distribution as follows: at time 𝑡 the walk takes a unit-size step upwards with probability 𝑞,
giving ∆𝑥 𝑡 = 1. Alternatively, with probability 1 − 𝑞 the walk takes a step downwards,
giving ∆𝑥 𝑡 = −1. In this simple Bernoulli sampling process the evidence state 𝑥 𝑡
evolves within the discrete evidence space 𝑥 ∈ ℤ as a function of the discrete time 𝑡 ∈ ℕ. We
illustrate some possibilities for this evolution in the evidence space - time diagram in Figure
4. This figure shows the causal lattice that provides support for the evidence state evolution
up to the time 𝑡 = 8 along with four possible evidence accumulation paths that connect the
points 𝑥 = 0, 𝑡 = 0 and 𝑥 = −2, 𝑡 = 8 . Note that the assumption made by the model is
that for any particular decision, only a single path is followed.
The sampling process described so far illustrates how evidence is collected over time. In
order to make a choice, the decision maker must terminate the random walk. This is
formalised by establishing thresholds in the evidence space. Generally, these thresholds are
constants: the random walk terminates at the first time at which 𝑥 𝑡 > 𝑎 or 𝑥 𝑡 < 0. The
time at which this occurs is referred to as the first passage time, and describes the time taken
to make a decision. Actual response times are taken to reflect both the first passage time as
well as some amount of time for stimulus encoding and to produce the response (e.g., Ratcliff
1979) but for our purposes we will consider only the first passage time itself. Figure 1
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illustrates a Bernoulli walk based evidence accumulation model that terminates at its first
passage across the evidence threshold 𝑎.
--- FIGURE 1 ABOUT HERE --4. A probabilistic formulation
When working with this random walk model, it is convenient to adopt a more explicit
representation of the probability distributions involved. For instance, we can describe the
time evolution of the evidence state in the following way. In general it will be the case that
the probability mass function for the evidence states 𝑥 𝑡 can be expressed as the convolution
of the corresponding probability mass function over the evidence at the previous time step
𝑥 𝑡 − 1   with the sampling distribution 𝑝! 𝑤 . That is,
𝑝 𝑥, 𝑡 =

!
!!!!   𝑝!

𝑤   𝑝 𝑥 − 𝑤, 𝑡 − 1 .

(3)

Moreover, for the Bernoulli sampling model in which the increments are constrained to be +1
or -1, this convolution simplifies to
𝑝 𝑥, 𝑡 = 𝑞  𝑝 𝑥 − 1, 𝑡 − 1 + 1 − 𝑞 𝑝 𝑥 + 1, 𝑡 − 1 .

(4)

We recognize this as a Markov equation for the probability mass function 𝑝 𝑥, 𝑡 .
It is worth noting that if each increment is small relative to the criteria used to terminate the
sampling process, we can assume that the total number of samples drawn is large, and as such
the central limit theorem implies that the distribution over 𝑥 𝑡

approaches a normal

distribution with the probability density function
𝑝 𝑥, 𝑡 =

!
!!! ! !

exp −

!!∆!  ! !
!! ! !

(5)
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and is characterised by two variables; the mean 𝜇 𝑡 = ∆𝜇  𝑡 and variance 𝑉 𝑡 = 𝜎 ! 𝑡. This is
often referred to as the “assumption of small steps” (e.g., Luce 1986).
When describing the probability mass functions for the first passage times, the Markov
equation for the time evolution of the evidence state needs to be modified to account for the
absorbing boundaries at 0 and 𝑎. This is straightforward, and corresponds to the following
exceptions to the general rule in Eq. 4:
𝑝 0, 𝑡 = 1 − 𝑞 𝑝 1, 𝑡 − 1

(6)

𝑝 1, 𝑡 = 1 − 𝑞 𝑝 2, 𝑡 − 1

(7)

𝑝 𝑎, 𝑡 = 𝑞  𝑝 𝑎 − 1, 𝑡 − 1

(8)

𝑝 𝑎 − 1, 𝑡 = 𝑞  𝑝 𝑎 − 2, 𝑡 − 1

(9)

and

Finally, it is convenient to make a notational distinction between the probability 𝑝 0, 𝑡 that
the random walk is in the state 𝑥 𝑡 = 0, and the probability that the decision maker selects
the corresponding response option at time 𝑡, which we denote 𝑝! 𝑡 . For the model
developed so far, these two probabilities are equal:
𝑝! 𝑡 = 𝑝 0, 𝑡

(10)

𝑝! 𝑡 = 𝑝 𝑎, 𝑡

(11)

and similarly

at the upper boundary. However, when working with more complicated models this will no
longer be true. In any case, using the time evolution rules described above, it is simple to
compute the first passage time distributions for this model. An example is shown in Figure 2.
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--- FIGURE 2 ABOUT HERE ---

5. Parallel evidence gathering
The model developed in the previous section can be extended in a number of ways. If we take
the continuum limit where the time increments and evidence increments go to zero we obtain
the Wiener diffusion model (see Feller 1966 for derivation). If we assume non-constant
decision boundaries we can convert this to a simple accumulator (La Berge 1968), and if we
additionally assume that samples are taken at Poisson distributed time steps we obtain the
Poisson counter model (Smith & van Zandt 2002). In this section we focus on a different
assumption.
One assumption that is common to most, if not all, sequential sampling models, is that each
sample that is drawn from the environment has a definite evidentiary value. That is, although
there is some probability distribution that describes the possible evidentiary values of
samples, each such sample has a fixed value. However, evidence is often ambiguous and we
would like to develop a model of evidence accumulation that accounts for this ambiguity.
--- FIGURE 3 ABOUT HERE --The simplest way of doing so would be to draw multiple samples described by independent
random variables with the same probability mass function 𝑝! 𝑤 at each time interval and
use these multiple samples to construct multiple evidence paths, as illustrated in Figure 3.
Within the sampling model the multiple samples that are drawn at each time instant could be
understood as components of different evidence paths that we label with subscripts. That is,
we now use 𝑥! 𝑡 to refer to the evidentiary state of the 𝑘th path. Since each of these samples
is assumed to be independent then these paths are complementary to each other in the sense
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that they contain independent statistical data. Hence at each time step 𝑡  we can combine these
paths by adding there current values to give a parallel system estimate
𝑥 𝑡 =

!
!!! 𝑥!

𝑡

(12)

We note that the 𝑚-parallel sampling model is equivalent to a sequential sampling model that
runs for 𝑚 times as long. As a consequence, the parallel version of the model produces more
accurate decisions in a shorter period of time. However, since the actual length of a time step
is unknown, the two models are equivalent in practice. Indeed, this is a special case of the
serial-parallel equivalence discussed by Townsend and Ashby (1983).
6. Time evolution of the evidence state in a parallel model
We now describe the time evolution of the parallel model in a more precise fashion in order
to illustrate some aspects of the parallel formalism that will be used in the next section on
cooperative and competitive decision processes in the more familiar context of the
cooperative model. However it is not intended that the detailed aspects of this section be
carried into the next. In particular the conditional probabilities used in this section are
abandoned in favour of probability amplitudes in the next section.
In the simple parallel model of this section we seek a time evolution equation for the
probabilities 𝑝 𝑥, 𝑡 associated with the average of evidentiary value of parallel evidence
paths. In doing so, we assume that the number of parallel paths is limited only by the causal
structure of the probability network such as that illustrated in Figure 4. Basically we assume
that the decision system is able to follow all possible evidence paths that can be constructed
subject to causality. Formally, we define 𝐷! 𝑥′, 𝑡′: 𝑥, 𝑡 to be the conditional probability of a
single path 𝑙 that has evidence value 𝑥 at time 𝑡 and subsequently has value 𝑥′ at time 𝑡′. For
example, if 𝑞 = 0.5 in our Bernoulli sampling process, then every path that connects the
point (0,0) to the point (𝑥, 𝑡) has the value
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𝐷! 𝑥′, 𝑡′: 0,0 =

! !
!

.

(13)

However, in the context of a parallel model, we need to take into account the fact that there
are multiple paths leading from 𝑥, 𝑡 to 𝑥′, 𝑡′ . In other words, the conditional probability
that given 𝑥, 𝑡 , we have 𝑥′, 𝑡′ is calculated by summing over all such paths:
𝒟 𝑥′, 𝑡′: 𝑥, 𝑡 =

! 𝐷!

𝑥′, 𝑡′: 𝑥, 𝑡 .

(14)

An example of these parallel connections is illustrated in Figure 4 where 4 of the 28 possible
causal paths that connect the points (0,0) and (−2,8) are drawn bold overlaying a causal
lattice.
A time evolution equation for 𝑝 𝑥, 𝑡 is therefore
𝑝 𝑥 ! , 𝑡′ =

!𝒟

𝑥′, 𝑡′: 𝑥, 𝑡   𝑝 𝑥, 𝑡 .

(15)

Comparison of the results from this evolution equation with those for Equation 4 will show
that again we have obtained a model that mimics the evidence gathering process of the
sequential sampling model but that is clearly parallel in nature. In the next section, we
introduce a profound modification to this simple parallel model.
--- FIGURE 4 ABOUT HERE ---

7. Competitive and cooperative decision processes
In this section, we construct a parallel model of the psychological processes of decision
making that allows for both cooperative and competitive interactions between evidence paths.
At a mechanistic level, the idea behind parallel decision models is similar to the logic behind
connectionist models: the decision system is assumed to consist of a large array of parallel
processing units, each of which is capable of sampling evidence and contributing to the final
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decision. However, the parallel model developed in the previous section is somewhat limited
in comparison to connectionist models. Connectionist models allow different subsystems to
have co-operative (excitatory) connections or competitive (inhibitory) connections, mirroring
the fact that synaptic connections can be either excitatory or inhibitory. There is a natural
analog of excitation within the parallel model, insofar as the probabilities associated with
different paths are additive, but there is no natural analog of competitive interaction, in which
two subsystems (or, more precisely, their corresponding evidence paths) could inhibit each
other, possibly even cancelling out each other’s contributions.
With this in mind, we now consider how to represent both competition and cooperation
together mathematically. We follow the previous probability model and use the addition of
the contribution from different evidence gathering paths to the evidence state 𝑝 𝑥, 𝑡 to
represent a cooperative interaction between these complementary paths. It is natural within
the context of this additive paradigm for cooperative evidence path interaction to choose
subtraction as a means of representing competitive interactions between complementary
evidence paths. Hence in the cooperative and competitive parallel (CCP) model of the
psychological processes of decision making we allow the quantity 𝐷! 𝑥′, 𝑡′: 𝑥, 𝑡 associated
with a particular path to take both positive and negative values, with the understanding that
paths that have the same sign will reinforce one another, whereas paths that have different
signs will inhibit one another. One implication of making this change is that 𝐷! 𝑥′, 𝑡′: 𝑥, 𝑡
can no longer be interpreted as the probability associated with a particular path. Instead, we
refer to it as the amplitude associated with the path, and it will transpire that 𝐷! 𝑥′, 𝑡′: 𝑥, 𝑡
does in fact satisfy the requirements of a probability amplitude within quantum probability
theory. Similarly, the quantity associated with each evidence state is no longer a probability
but is instead an amplitude (and can be negative), and as such we will denote it by 𝑓 𝑥, 𝑡
rather than 𝑝 𝑥, 𝑡 .
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Time evolution within the model remains fundamentally the same within the CCP model as
in the original “co-operative only” parallel model, being described by the equation
𝑓 𝑥 ! , 𝑡′ =

!𝒟

𝑥′, 𝑡′: 𝑥, 𝑡 𝑓 𝑥, 𝑡 .

(16)

which is analogous to Equation 15 within the original model. However, because 𝑓 𝑥, 𝑡 can
take on both positive and negative values, an additional step is required to convert the
amplitude to a probability. A simple way to do so is to link it to a probability via the equation
𝑝 𝑥, 𝑡 = 𝑓 ! 𝑥, 𝑡

(17)

and note that means that we require that
!𝑓

!

𝑥, 𝑡 = 1.

(18)

which in turn imposes constraints on 𝒟 𝑥′, 𝑡′: 𝑥, 𝑡 .
One shortcoming with the framework developed so far is that the interaction between any two
paths is constrained to be purely co-operative or purely competitive, because the amplitudes
are either of the same sign or of opposite sign. This seems an unnecessary limitation.
Fortunately, it is not difficult to remedy this. To do so, it is helpful to note that the formalism
in our model closely parallels that of the quantum theory in its path integral formulation
(Feynman & Hibbs, 1965). Within the path integral formulation of quantum theory, the
solution is to allow the path amplitudes 𝒟 𝑥′, 𝑡′: 𝑥, 𝑡 and evidence states 𝑓 𝑥, 𝑡 to be
complex valued and hence the probability by defined in terms of the modulus squared
𝑝 𝑥, 𝑡 = 𝑓 𝑥, 𝑡

!

(19)

of the evidence states. Of course, the fact that this works in physics is not inherently an
argument in its favour. However, it does provide the desired flexibility to our model, since
each evidence accumulation path is now associated with a continuous valued “phase”, and the
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similarity between the two phases is what determines the extent to which two paths compete
or co-operate.
8. Using competition to guide efficient decision making
To complete the CCP model, we need to provide specific values for the evidence path
amplitudes and the initial state for the evidence search. Firstly we note that the requirement
that the modulus squared of the function 𝑓 𝑥, 𝑡 gives a probability for each time 𝑡 constrains
the possible path amplitudes 𝒟 𝑥′, 𝑡′: 𝑥, 𝑡 in such a way that the evolution described by
equation 16 is an isometry. We choose the modulus 𝐷! 𝑥′, 𝑡′: 𝑥, 𝑡

for each of the evidence

path amplitudes to have the same value for a given lapsed time 𝑡 ! − 𝑡 in a similar manner as
in the model described by Equation 4. While in the cooperative parallel model with real path
amplitudes the identification of the modulus of the evidence value was sufficient to specify
the evolution equation, in order to specify the evolution of the CCP model we also need to
specify a phase for the path amplitudes. We choose to use this extra degree of freedom to
optimize the decision model with respect to speed and accuracy. Specifically we want our
decision process to provide as good an answer as the observed data will allow, in the fastest
possible time. That is we would like the global behaviour of our parallel system to mimic that
of the shortest (i.e., fastest) path that leads to a decision. The implications of this for the
search model is that we would like to construct a parallel process that allows for the
uncertainty that is intrinsic to the search process and yet behaves globally so that no extra
uncertainty is contributed to that which existed a priori to the search. More than this we
would like to be able to propagate the a priori uncertainty to a boundary as fast as possible.
We focus initially on the latter requirement for a maximum propagation speed and we make
the reasonable assumption that physical limits on neural processes will be reflected in a
maximum speed for a search process through the logical evidence space. We note that this
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requirement for an evidence state evolution model that achieves a maximum speed of
progress through the evidence space has a natural parallel in physics. Specifically, it is
exactly paralleled by a quantum wave function evolution that achieves the speed of light in
ordinary space. Such wave models for systems with limiting velocities have been extensively
studied in relativistic quantum theory. Richard Feynman in his studies of these phenomena
gave a “checkerboard” model that is applicable to our problem (Feynman & Hibbs, 1965) see
also Meyer (1996) for more discussion of this model. In this model the path amplitude
𝐷! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 for a path that changes direction 𝑅 times is assigned the value 𝑖 ! .1. Thus
𝑅 = 5  for the black path in Figure 4 that changes direction 5 times and 𝐷! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 = 𝑖 ! =
𝑖 while for the dark grey path that changes direction once 𝑅 = 1 and 𝐷! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 = 𝑖.
Using the optimal model, we arrive at a situation in which we have four different kinds of
interactions. Consider two paths that change their direction 𝑅 and 𝑅′ times with
corresponding path amplitudes 𝐷! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡

and 𝐷!! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 . In the first case of

interactions 𝑅 is congruent to 𝑅′ modulo 4 hence the two paths reinforce each other because
they have the same phase indeed

𝐷! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 ] = 𝐷!! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 , for example if

𝑅  and  𝑅! ∈ {…,-10,-6,-2,2,6,10,...} then 𝐷! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 ] = 𝐷!! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 = 𝑖 ! = −1 hence
they add in phase and so reinforce each other. In the second case the difference 𝑅 − 𝑅′
belongs to the set of integers that are congruent to 2 modulo 4 hence the path amplitudes
𝐷! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 and 𝐷!! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 have opposite phase and cancel each other. An example of
this second class is 𝑅 = 1 with 𝐷! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 ] = 𝑖 and 𝑅! = 7 with 𝐷!! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 = 𝑖 ! =
−𝑖 hence the two amplitudes cancel each other. For this example a quick calculation gives
𝑅 − 𝑅! = −6 that is congruent to 2 modulo 4. The model also contains two kinds of path
interaction that can both be considered as weak reinforcements. These interactions occur
when 𝑅-𝑅′ is congruent 1 or 3 modulo 4 and are the result of adding two components that lie
in quadrature phase to each other, for example 𝑅 = 0 with 𝐷! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 ] = 1 and 𝑅! = 1
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with 𝐷!! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 = 𝑖 lie in quadrature phase with each other and so add in such a way as
to reinforce each other weakly.
If we designate by 𝑁(𝑅) the number of paths in a field propagator that change direction 𝑅
times then in an optimal CCP model we can write the evidence path amplitude 𝒟! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡
that represents all causal paths that connect the evidence space - time points 𝑥 ! , 𝑡′ and 𝑥, 𝑡
as
𝒟! 𝑥 ! , 𝑡 ! : 𝑥, 𝑡 =

!𝑁

𝑅 𝑖! .

(20)

Hence from Equation 16 we have for the optimal model
𝑓 𝑥 ! , 𝑡′ =

! 𝒟!

𝑥′, 𝑡′: 𝑥, 0 𝑓 𝑥, 0 .

(21)

9. A tractable form of the model
While the construction of the CCP model in terms of evidence paths ties in strongly with
previous cognitive models of the psychological processes of decision making it is not feasible
to use Equations 20 and 21 to calculate the CCP evidence state 𝑓 𝑥 ! , 𝑡′ given the initial state
𝑓 𝑥, 0 . The principal reason for this is that the number of evidence paths 𝑁 increases
exponentially
𝑁 = 2! .

(22)

with the elapsed time 𝑡. For example at 𝑡 = 100 the total number of paths 𝑁 = 2!"" .
This exponential increase in computational complexity with time also occurs for the
cooperative parallel model described by Equation 15. In that case the computation was
achieved by noting that a simple Markov evolution Equation 4 was equivalent to the sum
over paths. This Markov model was constructed in part by noting that the continuum limit
allows a simplification as a result of the central limit theorem. In a similar way it can be
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shown that in the continuum limit the checkerboard model leads to the propagator for the
Dirac equation in one dimension (Meyer 1996). In the appendix it is shown that discrete time
quantum walks also lead to the Dirac equation in the continuous limit. We use the discrete
Hadamard quantum walk to calculate the continuum limit (Kempe 2003 and Strauch 2006).
In the Hadamard walk the evidence state 𝑓 𝑥, 𝑡 =

𝑓! 𝑥, 𝑡
𝑓! 𝑥, 𝑡

evolves via the Hadamard

evolution equations
𝑓! 𝑥, 𝑡 + 1 =

!

𝑓! 𝑥, 𝑡 + 1 =

!

!

!

  𝑓! 𝑥 − 1, 𝑡 +

!

  𝑓! 𝑥 + 1, 𝑡 −

!

𝑓
! !

!

𝑥 − 1, 𝑡

(23)

  𝑓! 𝑥 + 1, 𝑡 .

(24)

that are the quantum walk equivalent of a Markov equation like equation 4. 2 The subscripts
𝑅  and 𝐿 indicate that the spinor components move to the right and left respectively with each
time step as can be seen by an inspection of equations 23 and 24. The requirement that these
difference equations for the CCP model have a matrix form rather than the scalar form of
Equation 4 can be traced to the difference in the metric for the two models. In the cooperative
parallel decision model the metric is linear and so the need for an isometry to maintain the
probability normalization can be met by a Markov structure for the evolution equation where
as the modulus squared metric of the CCP model requires a unitary transformation. It is not
possible to construct a nontrivial unitary evolution via a scalar difference equation.3
In order to obtain an explicit calculation for the evidence state evolution in the CCP model it
remains to specify the initial state 𝑓 𝑥, 0 for the quantum walk. The degree of bias in a
Hadamard quantum walk is controlled by its initial state. In particular if we assume an initial
state of the form

𝑓 𝑥, 0 =

𝜙 𝑥
.
𝑒 !" 𝜙 𝑥

(25)
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where 𝜙 𝑥 , 𝜃 ∈ ℝ, the bias of the evidence state described by the Hadamard walk varies
!

monotonically with 𝜃 ∈ 0, ! from unbiased for 𝜃 =

!
!

to a maximum bias for 𝜃 = 0 (Kempe

2003). The probability mass function for a spinor field is
𝑝 𝑥; 𝑡 = 𝑓! 𝑥, 𝑡

!

+ 𝑓! 𝑥, 𝑡

!

(26)

and hence for the CCP model we can choose
𝜙 𝑥 =

!

𝑝 𝑥, 0 .

!

(27)

Thus if we assume a zero mean Gaussian prior density
𝑝 𝑥, 0 = !

!

! ! !

exp[− !
!!

!

]

(28)

then
𝜙 𝑥 =

!
!! !!

! ! !

exp[− !

!

].

(29)

The probability mass function for the CCP evidence search model at 𝑡 = 100 that is plotted
in the righthand panel of Figure 5 has an initial state with 𝜃 =

!
!

and 𝜎 ! = 4.

--- FIGURE 5 ABOUT HERE ---

This panel shows that for an unbiased search the CCP model predicts that the a priori
uncertainty is propagated at constant velocity directly to the axes. That is the CCP model
behaves as if the best detector with an evidence search path realised by the outer edges of the
causal paths illustrated in Figure 4 is chosen for every decision. Hence the optimal parallel
field model predicts an observed evidence accumulation behaviour that is like the linear
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ballistic accumulator model that has been shown to provide “the simplest complete model” of
forced choice decision response time distributions (Brown & Heathcote 2008).4
A deeper insight into the nature of the CCP search model can be obtained by examining the
relationship between the CCP search profile exhibited in the righthand panel of Figure 5 and
the cooperative parallel search profile exhibited in the lefthand panel. The most obvious
difference in these two figures is the bimodality of the CCP search profile and the
unimodality of the cooperative parallel search profile. A simple interpretation of these two
figures is that the optimization achieved by the CCP model effectively suppresses wasteful
searching back over paths that have previously been traversed hence the central region of the
probability density in the righthand panel is almost zero and most of probability density for
the CCP search model lies at the leading edge of the search. The CCP density profile
contrasts markedly with the cooperative model that is illustrated in the righthand panel where
this suppression does not occur and hence the maximum density for this model lies in the
central region of the density and diffuses out towards the leading edge of the search.
The back path suppression in the CCP model is the result of interferometric effects. The
working of this interference can be seen by calculating the first few temporal iterations of
equations 23 and 24 with the choice of initial condition 𝑓 𝑥, 0 =

!
!

1
𝛿 where 𝛿!,! is
𝑖 !,!

the Kronecker delta.
The effect of the optimization can be quantified in terms of the change in variance of the two
!
search distributions with time, for the cooperative parallel model the variance 𝜎!!
∝ 𝑡 where
!
as for the CCP model the variance 𝜎!"
∝ 𝑡 ! . This quadratic speed up is characteristic of

quantum search algorithms when compared to normal random searches (Grover 1996, Kempe
2003).
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Hence the effect of the optimisation performed with the CCP model is a significant speed up
in the evidence search process upon which decisions are made and we thus anticipate that this
will result in an increase in the time and accuracy capability of the decisions that are based
upon the CCP model relative to that of the cooperative parallel model.

10. CCP decision response times
The probability distributions for the decision latencies of a forced two choice decision
process are calculated for the CCP model by choosing evidence thresholds at the points
𝑥 = 0 and 𝑥 = 𝑎 and assigning the decision latency probability mass
𝑝! 𝑡 = 𝑓! 0, 𝑡

!

+ 𝑓! 0, 𝑡

!

(30)

for the 0 decision at time 𝑡 and similarly the decision latency probability mass
𝑝! 𝑡 = 𝑓! 𝑎, 𝑡

!

+ 𝑓! 𝑎, 𝑡

!

(31)

for the 𝑎 decision at time 𝑡.
It is not necessary to alter the evolution of the CCP evidence states 𝑓 𝑥, 𝑡 with absorbing
boundaries, this fact contrasts to the situation for the cooperative parallel search model. The
reason that absorbing boundaries are unnecessary in the CCP model can be seen by
considering the search distributions that are illustrated in Figure 5. One of the dramatic
differences between these distributions is that the probability mass for the CCP model
distribution is concentrated at the leading edges of the search while that for the cooperative
model is concentrated around the origin. The erosion of the density to practically zero in all
of the space that lies behind the leading distributions, as is evidenced in the righthand panel
of Figure 5, demonstrates that the CCP dynamics as described by equations 23 and 24
suppress search processes that revisit evidentiary regions that have already been traversed.

22
This contrasts with the cooperative model that keeps all search paths active with the result
that its probability distribution achieves its maximum around the origin as illustrated in the
lefthand panel of Figure 5. In the case of the cooperative model its maintenance of all paths
requires the inclusion of absorbing boundaries as an ancillary condition, that alters the search
process, so that once the threshold has been achieved there is no back propagation into the
region between the boundaries that could result in the threshold being achieved again along
the same search path. Since back propagation is already suppressed in the CCP dynamics
there is no need to include an ancillary condition such as absorbing boundaries. 5
Before considering the fitting of the CCP model to experimental data we note that the effect
of changing the bias parameter 𝜃 of equation 25 is to change the relative amplitudes of the
two counter propagating distribution components that are illustrated in the righthand panel of
Figure 5. The speed of propagation and shape of these two components does not change.
Thus the bias parameter 𝜃 directly affects the relative magnitudes of the of the cumulative
distribution functions on the different boundaries but not the shape of these functions.
Predictions for the decision latency cumulative distribution functions from the diffusion and
CCP models are compared in Figure 6 with experimental data that is taken from Experiment
1 of Gokaydin, Ma-Wyatt, Navarro & Perfors (2011), which itself is a replication of an
experiment by Cho et al. (2002). The experiment was a standard 2-AFC task with the stimuli
consisting of a small and large O, and participants responded by keys on a Cedrus RT-530
using the index and middle fingers. The data shown in Figure 6 come from a single
participant, who made 1560 judgements.
This experimental data is presented as a mirrored response time cumulative distribution in
Figure 6. The mirroring technique follows the work of Voss, Rothermund and Voss (2004)
and utilizes the fact that the correct and error components of the cumulative distribution
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function each have half line support. We chose to mirror the error component of the
cumulative distribution function into the negative time half line and thus construct a version
of a full cumulative distribution with the correct component in the positive time half line with
its zero time value equal to the maximum value of the error component. The error component
is reflected into the negative time component of the horizontal axis and commences with a
zero value beyond the largest erroneous decision latency. At each decision time the empirical
!

cumulative distribution function is incremented by ! where 𝑁 is the total number of decision
latency measurements.
One of the advantages of this empirical construction of a cumulative distribution function is
that the decision latency data is not coarse grained as occurs for instance in a histogram
binning procedure. The theories were fitted to this empirically constructed distribution by
attempting to minimize the sum of the distances between each data point and the theoretical
curve of interest.
--- FIGURE 6 ABOUT HERE --We see that the CCP model fits the experimental data better than the simple diffusion model,
although one should be cautious interpreting these fits given that the simple diffusion model
is very restrictive in comparison to the “full” model used by Ratcliff (1978) and later authors.
Even so, the comparison is interesting: if we concentrate on the positive response time region
of the panels this can be seen to be a result of the much weaker tails in the CCP model as
compared to the diffusion model. However as can be seen in the righthand panel the CCP
model slightly underestimates the strength of probability that lies in the large time tail of the
decision latency distribution especially around the knee of the distribution. While the
diffusion model over estimates the strength of the tail. This observation provides some
impetus to develop a more general model in which the degree of coherence can be varied.
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However the main driver for a partially coherent model stems from a theoretical desire to
understand something more of the nature of the coherence that occurs in the CCP model. The
data presented in Figure 6 would seem to infer prima facie that the search process can be
described by an almost perfectly coherent model. However our knowledge of biology and the
world of human agency are indicative that incoherent processes abound for open systems like
the decision processes that we are studying. It would seem natural then to develop a
theoretical model in which both incoherent and coherent processes exist and then allow the
fitting of this partially coherent model to the empirical data to give more insight into the
degree of randomness that is supported by the data.

11. An open parallel decision model
In seeking to understand the psychological processes that underpin simple decisions we have
considered the significance of allowing both cooperative and competitive interactions
between the evidence states of a parallel model of evidence gathering. While this model is
quite successful in that it provides a very good fit to empirical data we would like to extend it
to incorporate the striking aspect of decision agents that they are open to the environment in
which they exist and act. This is not a complicated observation, or a contentious one: in order
to make decisions based on evidence, the decision system needs to interact with some other
systems, such as the memory system or the perceptual system that collects sensory evidence
from the environment. Up to this point we have effectively assumed that the decision
system’s interaction with other cognitive systems does not break the coherence of the CCP
search process. However it seems reasonable to assume that the search process may need to
wait for a response to a request for data other systems in its cognitive environment such as
the memory system or that an interrupt from the perceptual system may occur randomly. By
extending the model to include these interaction noise effects we can use the empirical
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decision latency data to infer the degree of decoherence of the CCP decision process that
results from this noise.
To develop this partially coherent model we first note that the evidence state spinor
𝑓! 𝑥, 𝑡
𝑓! 𝑥, 𝑡

in the CCP model is equivalent at each evidence value 𝑥 to a two state quantum

system. We then note that such two state systems are equivalent to the qubits of quantum
computing and then assume that the noise models introduced by this field (Nielsen and
Chuang 2000) are suitable to describe the randomness in the data access latency.6
Of the potential noise models available to us from quantum computing we have chosen the
generalized amplitude damping model because one of the parameters of this model 𝛼 can
represent the strength of the noise while 𝛽 can represent a degree of bias in the noise.
We turn now to the formal development of an open parallel model. In order to construct this
model we first develop a density matrix representation of the evolution equations 23 and 24
for the CCP model by first noting that in practice these equations can be written in the matrix
form

ψ! 𝑡 + 1 = 𝑈! ψ! 𝑡

(32)

with

ψ!! = 𝑓! 0 , 𝑓! 0 , 𝑓! 1 , 𝑓! 1 , … , 𝑓! 𝑎 − 1 , 𝑓! 𝑎 − 1 , 𝑓! 𝑎 , 𝑓! 𝑎

(33)

the transpose of the vector ψ! and 𝑈! is a 2 𝑎 + 1 ×2 𝑎 + 1 matrix that is illustrated below
for the case 𝑎 = 3
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0
0
⎛0
1 ⎜1
⎜
𝑈3 =
√2 ⎜ 0
⎜0
0
⎝0

0
0
0
1
0
0
0
0

0
1
0    
0    
0    
1    
0  
0  

  0
−1
0
0
0
  1
  0
  0

0    
0    
0    
0    
  1
  0
  1  
  0  

  0
  0
  0
  0
−1
    0
    1
    0

  0  
  0  
0    
  
0    
0
1
0  
0  

    0
    0
  0 ⎞
  0 ⎟
⎟
    0 ⎟
−1⎟
    0
    0 ⎠

(34)

and where we choose 𝑎 to be large enough that the effective support in 𝑥 of ψ! 𝑥, 𝑡 lies well
within the boundaries 0 and 𝑎 and thus allowing the transformation defined by equation 32 to
be effectively unitary. The density matrix (Sakurai 1994) that is equivalent to ψ! 𝑡 is given
via the outer product
𝜌! 𝑡 = ψ! 𝑡   ψ!! 𝑡

(35)

where ψ!! 𝑡 is the complex conjugate transpose of ψ! 𝑡 .
Hence from Equations 32 and 35 we see that a dynamic equation for the density matrix can
be written as
𝜌! 𝑡 + 1 = 𝑈! 𝜌! 𝑡 𝑈!!

(36)

since 𝑈! is a real matrix.
This is still the CCP model in a different representation where the evidence state is denoted
by the density matrix 𝜌! 𝑡 that evolves according to Equation 36. However the power of this
new representation is that it allows us to include asynchronous interaction between the CCP
search model and its environment.
We model the effect of the cognitive environment on the CCP search process by first noting
that the two state component of a quantum walk, that we denote by 𝐿 and 𝑅, can be
considered as a control vector for the evolution of the walk. Thus the effect of the
environmental noise on the search process model can be modelled through the interaction of
the control vector with this noise. To introduce this interaction we utilise a noise operator
technique that has been developed by the quantum computing community (Nielsen &
Chuang, 2000).
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Consider the submatrix
𝜌! 𝑥, 𝑥′, 𝑡 =

𝜌!! 𝑥, 𝑥′, 𝑡
𝜌!" 𝑥, 𝑥′, 𝑡

𝜌!" 𝑥, 𝑥′, 𝑡
𝜌!! 𝑥, 𝑥′, 𝑡

(37)

of the evidence state density matrix 𝜌! 𝑡 . We introduce amplitude damping into the two
state system that is described by this submatrix via the matrix equation

!
!!! 𝐸! 𝜌!

𝜌! 𝑥, 𝑡 =   

𝑥, 𝑡 𝐸!!

(38)

0
1−𝛼

(39)

where
1
0

𝐸! =

𝛽

𝐸! =

𝛽 0
0

𝐸! =

1−𝛽

1−𝛼
0

𝐸! =

1−𝛽

0
𝛼

𝛼
0

(40)
0
1

(41)

and
0
.
0

(42)

with 𝛼 determining the strength of coupling between the two state system and its
environment and 𝛽 being the probability that the two state system is in the left hand state
after many applications of Equation 38 and hence 1 − 𝛽 is the probability that it is in the
right hand state after sustained application of Equation 38.6.
The two by two matrices 𝐸! defined in equations 39 to 42 can be used to construct the
2 𝑎 + 1 ×2 𝑎 + 1 block diagonal environmental interaction matrices

𝜀! =

𝐸!
0
0
.
0
0

0 0
𝐸! 0
0 𝐸!
. .
0 0
0 0

0
0
0
.
0
0

0
0
0
.
𝐸!
0

0
0
0
.
0
𝐸!

(43)
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for the evidence state 𝜌! 𝑡 . Thus we can model the effect on the evidence state 𝜌! 𝑡 of
noise from interaction with the environment by the matrix equation
𝜌! 𝑡 =   

!
!!! 𝜀! 𝜌!

𝑡 𝜀!! .

(44)

We are now in a position to construct the one time step evolution equation
𝜌! 𝑡 + 1 =    𝑈!

!
!!! 𝜀! 𝜌!

𝑡 𝜀!! 𝑈!! .

(45)

for our open parallel search. This equation can be considered as first injecting bias and
associated decoherence from the environment into the evidence state and then subject to this
implementing one parallel step of evolution in the evidence space. The open parallel model of
the psychological processes of decision making evolves by the repetition of this composite
one step process.
In a similar way to the CCP model we measure the probability
𝑝! 𝑡 = 𝜌! !! 𝑏, 𝑏, 𝑡 + 𝜌! !! 𝑏, 𝑏, 𝑡

(46)

that the evidence state has achieved the threshold 𝑏 where 0 < 𝑏 < 𝑑 < 𝑎 at time 𝑡 and
identify 𝑝! 𝑡 as the probability that a decision for the 𝑏 threshold choice is made at time 𝑡.
Similarly we identify the probability
𝑝! 𝑡 = 𝜌! !! 𝑑, 𝑑, 𝑡 + 𝜌! !! 𝑑, 𝑑, 𝑡
as the probability that a decision for the 𝑑 threshold choice is made at time 𝑡.

--- FIGURE 7 ABOUT HERE ---

(47)
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A comparison of the open model with empirical data is illustrated in Figure 7. In comparing
the fit between the open parallel model and empirical data in Figure 7 and the fit between the
CCP model and empirical data in Figure 6 it can be seen that a marginally better fit to the tail
of the correct component of the decision latency distribution is obtained by including a small
amount of decoherence in the search process.

Perhaps the most interesting aspect of fitting the open CCP model to the data is the smallness
of the coupling constant 𝛼 = 0.001 where 𝛼 = 0  indicates complete coherence and 𝛼 = 1
represents complete decoherence. An interpretation of this very small value is that the CCP
process is robust against random noise and this strengthens the inference that the
experimental data supports the concept that the decision process evolves as if it were almost
perfectly coherent. More than this the small degree of bias in the noise can be interpreted as
indicating that we are observing a random noise process in the open model that is not a
functional aspect of the search process.

12. Discussion
Over the last 50 years sequential sampling models have provided a compelling account of
how people make simple decisions, explaining both the decision accuracy and the response
latency. One somewhat puzzling characteristic of these models, however, is the fact that the
sampling processes involved are assumed to be strictly sequential, implying a serial
architecture that is probably unjustified. In this paper, we have explored some of the
consequences of building a decision model from a parallel architecture. The first model that
we developed assumes that the decision system consists of a large number of independent
accumulators, all of which are able to contribute evidence the overall decision. This “co-
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operative only” model is formally indistinguishable from standard serial sequential sampling
models.
Following this, we considered a general family of models that allow for the possibility that
some of these accumulators compete with each other, effectively cancelling each other’s
contribution to the decision process, while others co-operate, in which case their
contributions are additive. In order to represent the pattern of interactions among
accumulators, we assumed that each accumulator (or, more precisely, the evidence
accumulation path associated with that accumulator) has a continuous valued “phase”: the
more similar the phase-value of two accumulators, the more they tend to reinforce one
another. In particular, we considered a special case of this model in which the pattern of cooperative and competitive interactions is optimal, in the sense of leading to the fastest
possible decisions. As it turned out, this model has deep similarities with Feynman and
Hibbs’ (1965) path integral formulation of quantum theory.
Critically, although the model is motivated in terms of the idea that the decision system
consists of a massively parallel array of evidence accumulators and a complicated pattern of
interactions among them, the aggregated behaviour of this model can be represented in terms
of a single “quantum walk” (Kempe 2003), replacing the standard “random walk” used in
more conventional sequential sampling models, and is very similar to the model employed by
Busemeyer, Zhang & Townsend (2006).
The final class of models we consider is based on the observation that the quantum decision
model makes the somewhat unrealistic assumption that the decision system behaves as if it
were a coherent system. However, almost by definition a decision system needs to be coupled
with, or “open” to, some external environment: the samples that drive the evidence
accumulation process have to come from somewhere, after all. Noting this, we develop a
class of “partially coherent quantum walk models” in which decoherence from the noisy
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coupling between the decision system and some other external system is included in the
decision model. This more general model indicates that the data is best fitted by a decision
model which is almost coherent.
At various points in the paper we have presented some fairly basic model evaluations,
showing that the quantum walk model and the more general “open architecture” model are
able to provide acceptable fits to response time data. The goal in doing so is primarily to
demonstrate that these models meet a minimum standard of descriptive accuracy. We have
not run the kind of detailed model evaluations (e.g., Ratcliff & Smith 2004) that would be
required to establish quantum models as genuine competitors to a model such as the full
Wiener diffusion model (Ratcliff 1978), since this would require making additional auxiliary
assumptions about non-decision time, start point variability, drift rate variability and so on.
Instead, the primary goal of these evaluations is to illustrate that these models are – at a
minimum – in the right “ballpark”.
Similarly, the primary goal of the paper itself is not to establish a new complete model of
response time and accuracy in simple decisions. Rather, the goal has been to show at a formal
level how it is possible for a massively parallel, highly interactive cognitive architecture to
produce behaviour that is best described in terms of the field dynamics that arise from the one
dimensional Dirac equation of quantum theory. Indeed, we view our analysis of sequential
sampling models as a special case of a more general problem, namely to understand the
mechanistic foundations of quantum probabilistic models. We hope that the current paper
provides some insight into how this problem might be solved.
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Appendix
As described by Strauch (2006) the connection between the discrete time quantum walk and
the one dimensional Dirac equation in the continuum limit can be seen by writing the walk as
the discrete mapping

𝑓! 𝑛, 𝜏 + 1
𝑓! 𝑛, 𝜏 + 1

=𝑈

𝑓! 𝑛, 𝜏
𝑓! 𝑛, 𝜏

= 𝑈𝑓 𝑛, 𝜏

(A1)

where the functions 𝑓! and 𝑓! are defined on the discrete real line 𝑛 ∈ ℤ for discrete times
𝜏 ∈ ℕ, and 𝑈 = 𝑇𝑆 is the product of a conditional translation operator

!

𝑈 = ! 𝐼 + 𝜎! 𝐷 + 𝐼 − 𝜎! 𝐷!!

(A2)

𝑆 = 𝑒 !!"!! .

(A3)

and a spin rotation

Here the Pauli matrices	
   {𝐼, 𝜎! , 𝜎! } act on the spinor components of 𝑓, and the translation
operator 𝐷 acts on the wave functions as  (𝐷𝑓)(𝑛)    =   𝑓(𝑛   −   1).	
   The	
   continuum	
   limit	
   is
found by letting the position 𝑥   =   𝑛𝜖 , 𝐷 = 𝑒 !!"# where 𝑝 is the momentum, 𝜃 = 𝑚𝜖 with 𝑚
the mass, and the time 𝑡 = 𝜖𝜏. Using the Trotter formula, the limit 𝜖 → 0 while holding 𝑝, 𝑚
and 𝑡 finite yields
𝑈 ! = 𝑒 !!"!! ! 𝑒 !!!"!!

!/!

→ 𝑒 !!!! !

(A4)

where 𝐻! is the Hamiltonian for the one-dimensional Dirac equation with ћ = 𝑐 = 1  and
𝑝 = −𝑖𝜕! (Thaller 1992):
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𝑖𝜕! 𝐹 𝑥, 𝑡 = 𝐻! 𝐹 𝑥, 𝑡 = −𝑖𝜎! 𝜕! + 𝑚𝜎! 𝐹 𝑥, 𝑡 .

(A5)

To understand some of the implications for the Hadamard walk we recommend the paper by
Strauch (2006) and to gain more insight into Feynman’s checkerboard model as a discrete
time quantum walk we recommend Meyer (1996).

End notes
1. In physics the simplicity of the form for the path amplitude can be understood in part
by noting that we can define units for this maximum speed problem to be such that the
maximum speed, the particle mass and Planck’s constant are all unity. In a one
dimensional problem the particle can only shuttle back and forth at the maximum
speed, hence in the space - time diagram the trajectories shuttle back and forth with
slopes of ∓45° . This leads to the Feynman amplitude for the relativistic problem
being 𝐷 = (𝑖)! if we quantise the time steps to be unity. To gain more insight into
Feynman’s checkerboard model we recommend Meyer (1996).

2. There is a deep sense in which the broader class of quantum walks of which we give
an example with evolution Equations 23 and 24 and initial conditions given by
Equations 25 and 26 below are the “quantum” equivalent of Bernoulli random walks
(Kempe 2003).

3. We note that Equations 23 and 24 describe a linear system and hence can be written in
the form
𝑓 𝑡 + 1 = 𝑈𝑓 𝑡

(a)
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where 𝑈 is a unitary single time step evolution operator acting on the state 𝑓 𝑡 .
Repeated iteration of the single step equation enables us to calculate the state at any
time
𝑓 𝑡 = 𝑈! 𝑓 0

(b)

given its initial value 𝑓 0 . Equation b makes explicit the formal equivalence between
our theory at this stage and that used by other authors in their study of human
decision-making (Busemeyer, Wang and Townsend 2006). Hence we see that
formally a quantum probability theory of human decision making could have a neurocognitive basis.
4. In an aside while as formulated above the CCP model has a single constant velocity,
given the indirectness of the connection between the logical evidence space and its
physical origin it is reasonable that this velocity would be distributed around a mean
rather than deterministic and thus the optimal field model can be brought into closer
correspondence with the linear ballistic accumulator. Note that the form of the
probability distribution given in the lefthand panel of Figure 5 will not change with
the extra formal complexity in this model.

5. We note that while the dynamic equations that determine the evolution of the
evidence state 𝑓 𝑥, 𝑡 often appear in quantum formulations the evidence state 𝑓 𝑥, 𝑡
is a classical object in our model and hence does not collapse when measurements are
made.
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6. A more detailed noise analysis would consider other possible types of noise such as
those that are given in Nielsen and Chuang (2000). However this is beyond the scope
of the work presented in this paper.
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𝑎

𝑎
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Figure 1. This figure illustrates an example of a sampling evidence state 𝑥 𝑡 that commences at
!
the evidence value ! and terminates at its first crossing time with respect to the 𝑎 boundary.
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Figure 2. The decision latency probability density for the 𝑎 = 30 decision boundary of a
Bernoulli random walk model of sequential sampling having evolved from initial evidence that
was normally distributed about an evidence value of 15 with variance 𝜎 ! = 16 and with
𝑞 = 0.75.
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Figure 3. Multiple complementary evidence paths for an parallel sampling model of evidence
gathering that encode some of the ambiguity associated with evidence observations.
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Figure 4. The complete causal lattice for 𝑡 = 8 that is displayed in an evidence space – time
diagram. Overlaid in bold gray scale are 4 of the 28 causal evidence paths that can connect the
points 0; 0 and −2; 8
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Figure 5. The probability mass function at time 𝑡 = 100 for a cooperative interaction parallel search is illustrated in the left hand panel while that for
a CCP model search for the same time period is shown the right hand panel. Both of the searches commence with an initial uncertainty that is
!
Gaussian distributed about the origin with variance 𝜎 ! = 4 and in the CCP model the initial spinor has 𝜃 = ! . This figure illustrates a profound
difference between the CCP model that has the capability to suppress evidence paths and thus remove nugatory searching around the origin and in
contrast the cooperative model where this nugatory searching is maintained.
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Figure 6. Comparison of empirical data (gray in both panels) for a forced two choice decision with a simple diffusion model (black in the left panel)
and the CCP model (black in the right panel). The cumulative probability distribution component of the decision latencies for correct answers is
plotted against the positive horizontal axes of these panels while that for erroneous answers is plotted by reflecting it into the negative component of
the horizontal axes. The unbiased diffusion model is fitted with a boundary separation 𝑎 = 1, drift parameter 𝜈 = 1.4 and motor response delay
𝛿 = 0.11, while the CCP model has a boundary separation 𝑎 = 28, a Gaussian initial state with mean 𝜇 = 11 and variance 𝜎 = 5, and with evidence
state bias parameter 𝜃 = 0.55.
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Figure 7. Comparison of empirical data (gray) and the predicted response time cumulative
distribution function for the open parallel decision model with boundary separation 𝑎 = 28,
Gaussian initial state with mean 𝜇 = 11 and variance 𝜎 = 5, with an evidence state bias
parameter 𝜃 = 0.55, coupling strength parameter 𝛼 = 0.001 and asynchronous orientation
strength 𝛽 = 0.63. The correct answer decision latency times are given with regard to the
positive section of the horizontal axis, while the erroneous decision latencies are reflected into
the negative part of the horizontal axis.

